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8.1. Let Γ ⊆ F∗
p be a multiplicative subgroup. Show that

max
r ̸=0

|Γ̂(r)| 6 √
p.

8.2. Does there exists a constant γ > 0 independent on p such that |Â(r)| > γ for every A ⊆ Zp

and r ∈ Zp?

8.3. Let A ⊆ ZN , |A| = δN. Prove that if E(A) = δ|A|3 + εN3, then maxr ̸=0 |Â| 6 ε1/4N.

8.4. Let A,B ⊆ ZN . Suppose that |Â(r)| > α|A| and |B̂(r)| > β|B| for every r ∈ ∆. Prove that

there exists x ∈ ZN such that

(A ∗B)(x) > (1 + α2β2|∆|) |A||B|
N

.

8.5. Let A ⊆ [N ] and put A(r, q) = {a ∈ A : a ≡ r (mod q)}. Suppose that for every r ∈ [q] we

have |f(r/q)| = |
∑

a∈A e−2πira/q| > (1− ε)|A|. Show that for some r0 ∈ [q] we have |A(r0, q)| >
(1− 2ε)|A|.

8.6. Let f(α) =
∑

a∈A e2πiaα, where A ⊆ [N ]. Show that

|f(α)− f(β)| = O(N |A||α− β|).


